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We show that direct feedback based on quantum jump detection can be used to generate entangled
steady states. We present a strategy that is insensitive to detection inefficiencies and robust against
errors in the control Hamiltonian. This feedback procedure is also shown to overcome spontaneous
emission effects by stabilising states with high degree of entanglement.
PACS numbers: 03.67.Mn,42.50.Lc,03.65.Yz
Numerous applications of quantum information theory
require the ability to produce entangled states and per-
form controlled operations on them. There have been
many successful experiments in this direction [1, 2, 3,
4, 5] but despite the effort to screen the system against
unwanted imperfections and interactions, entanglement
degradation through uncontrolled coupling with the en-
vironment remains a major obstacle [6, 7]. Even if ex-
periments were to be performed under perfect condi-
tions, fundamental factors such as spontaneous emission
in atomic qubits [8] would persist, limiting the lifetime
of entangled states and demanding efficient schemes to
protect them.
Recent experimental developments have enabled real-
time monitoring and manipulation of individual quantum
systems [9, 10, 11, 12], suggesting that quantum feedback
control [13, 14, 15, 16], may emerge as a natural possible
route to develop strategies to prepare entangled states
and prevent their deterioration. Recent attempts have
been made in this direction with proposals to control
both continuous [17, 18] and discrete [19, 20, 21] variable
entanglement, using either Bayesian [16] or Markovian
(direct) [14, 15] feedback scheme. While in the latter
strategy a simple feedback directly proportional to the
detection signal is used, in the former, control depends
on an estimate of the system state based on the informa-
tion acquired from the measurement results. Although
this can result in an improvement over the direct feed-
back scheme, it also comes at the cost of an increasing
complexity in the experimental implementation due to
the (challenging) need for a real time estimation of the
quantum state.
In this Letter we will show that a Markovian feed-
back scheme based on the continuous monitoring of quan-
tum jumps, together with an appropriate choice for the
feedback Hamiltonian, can lead to an improvement, in
amount and robustness, of the steady state entangle-
ment in a model of two driven and collectively damped
qubits [21, 22]. In the absence of spontaneous emission, a
pure maximally entangled state is dynamically generated
irrespective of detection inefficiencies. Furthermore, this
strategy is also able to cope with spontaneous emission
effects by stabilising highly entangled states.
Our system consists of a pair of two-level atoms
equally, and resonantly, coupled to a single cavity mode,
with a coupling strength g. The atoms can spontaneously
decay with rates γ1 and γ2, and are simultaneously driven
by a laser field (see Fig. 1). The cavity mode is damped,
and in the limit where its decay rate κ is very large, it
can be adiabatically eliminated leading to the following
master equation for the atomic degrees of freedom [21]:
ρ˙ = −iΩ [(J+ + J−), ρ]+ΓD[J−]ρ+γ1D[σ1]ρ+γ2D[σ2]ρ.
(1)
Here, Ω is the effective Rabi frequency of the collective
driving, Γ = g2/κ is the collective decay rate of the atoms
and the cavity, and superoperator D acting on an oper-
ator c is given by D[c]ρ ≡ cρc† − (c†cρ+ ρc†c) /2. The
Hamiltonian is written in terms of angular momentum
operators J− = σ1 + σ2 and J+ = σ
+
1 + σ
+
2 , where
σi = |gi〉〈ei| and σ+i = |ei〉〈gi| are, respectively, the low-
ering and raising operators for the i-th two level atom.
In the limit that the collective decay rate is much larger
than the spontaneous emission rates, Γ≫ γ1, γ2, we re-
cover the Dicke model [23]
ρ˙ = Lρ = −iΩ [(J+ + J−), ρ] + ΓD[J−]ρ. (2)
Before investigating the influence of feedback in this
equation, let us first briefly analyse the entanglement
properties of its steady state solutions [22]. The first
important feature of Eq. (2) is that it is symmetric with
respect to exchange of the atoms. This suggests that, in-
stead of using the two qubit basis {|gg〉, |ge〉, |eg〉, |ee〉},
one should use angular momentum states, and analyse
the system in terms of the symmetric (j = 1)
|1〉 = |gg〉, |2〉 = |ge〉+ |eg〉√
2
, |3〉 = |ee〉, (3)
and anti-symmetric (j = 0)
|4〉 = |ge〉 − |eg〉√
2
(4)
subspaces.
2FIG. 1: Schematic view of the model. The system consists of a
pair of two-level simultaneously driven by a laser and coupled
to a damped cavity. Conditioned on the measurement of the
output of the leaky cavity, a Hamiltonian is applied to the
atoms, completing the feedback scheme.
A simple inspection shows that |4〉 is a stationary state
solution of Eq. (2). Despite the triviality of the dynam-
ics in this subspace, it shouldn’t be regarded as a totally
uninteresting case as far as entanglement production is
concerned, since its asymptotic state is a pure, maximally
entangled one. In fact, this situation was explored in a
recent proposal for producing Werner states in a system
of atoms inside a cavity [24]. On the other hand, in the
symmetric subspace, entanglement is dynamically gener-
ated from any initial condition, even from initially sepa-
rable states. However, even for optimal parameters, the
amount of entanglement (given by the concurrence [25])
in this case is only about 10% of the Bell state’s value [22].
Now we can complete the scenario by introducing the
description of the measurement scheme and feedback.
The idea is depicted in Fig. 1: the cavity output is mea-
sured by a photo-detector D whose signal provides the
input to the application of the control Hamiltonian F .
Note that, in this kind of monitoring, the absence of sig-
nal predominates and the control is only triggered after
a detection click, i.e. a quantum jump, occurs. The un-
conditioned master equation for this case was derived by
Wiseman in [15] and, for our system, it reads
ρ˙ = −iΩ [(J+ + J−), ρ] + ΓD[UfbJ−]ρ. (5)
The jump feedback is easier to interpret when one
write the last term of Eq. 5 explicitly: D[UfbJ−] =
UfbJ−ρJ+U
†
fb− (J+J−ρ+ ρJ+J−)/2. The unitary trans-
formation Ufb = exp [−iFδt/~], representing the finite
amount of evolution imposed by the control Hamiltonian
on the system, is only applied immediately after a detec-
tion (or jump) event, which is described by the action of
J− in the first term of the superoperator D[J−]. Note
that the anti-symmetric Bell state |4〉 remains a station-
ary solution independently of the form of Ufb.
Once the measurement prescription has been chosen,
the freedom to design a feedback to produce a steady
state with the desired properties lies in the different
choices for the feedback operator Ufb. Although this
represents an enormous range of possibilities, even when
considering the limitations imposed by experimental con-
straints, here we will restrict to two different cases.
FIG. 2: (Color online) Steady state concurrence as a function
of feedback and driving strengths for Jx (left) and σx (right)
control, with (bottom) or without (top) spontaneous emission
effects. While the influence of decay is pronounced in the Jx
control, the local strategy is left basically unaltered. In this
case, and with γ/Γ = 0.01, a highly entangled state (c = 0.95)
is stabilised for almost all parameters.
Our first choice is the feedback Ufb = exp[−iλ˜Jx] that
preserves the symmetry properties with respect to ex-
change of atoms. This coincides with the driving Hamil-
tonian in Eq. (2), and was used in [21] to show that a feed-
back control based on homodyne detection can increase
the asymptotic entanglement by 3 times as compared to
the non-controlled case. Although this is a substantial
augment, it corresponds to only 30% of the maximum
possible value for the entanglement. In the jump-based
feedback, the steady state solutions in the symmetric sub-
space can be analytically calculated from Eq. (5) and
the corresponding entanglement are shown as a function
of the driving and feedback strengths in Fig. 2a. The
maximum concurrence, c ≈ 0.45, occurs at Ω/Γ ≈ 0.08
and λ˜ ≈ ± − 1.49, exceeding the value obtained via
homodyne-based feedback. Despite this further improve-
ment, the absolute value of the entanglement provided
by this feedback strategy is still far from the maximum
value c = 1. Moreover, its performance will worsen con-
siderably when spontaneous emission is added to Eq. (2),
as shown in Fig. 2a for γ1 = γ2 ≡ γ = 0.01 Γ. Even
with such a small value, atomic decay plays a crucial role
here: it breaks the symmetry of the system, opening the
way for interference between different subspaces to oc-
cur. This is the explanation of the disappearance of the
higher peaks from Fig. 2a to Fig. 2b: the corresponding
stationary solution shows a large component of the state
|2〉 that interferes destructively with the state |4〉, which
is driven by the anti-symmetric part of the dynamics.
An alternative would be to choose a feedback that,
like the spontaneous emission term, does not preserve the
symmetry with respect to exchange of atoms. This may
allow the feedback to move population between the sub-
3spaces, limiting the possibilities of destructive interfer-
ence. Fortunately, as we shall show, this hope is realised
with the simplest choice, yet experimentally realistic [26],
of a symmetry-breaking Hamiltonian, where the control
acts on just one of the atoms. We call this local feedback
and represent its action as Ufb = U1 ⊗ I. One can now
replace this form in Eq. (2), project it in the basis de-
fined by Eqs. (3) and (4) using a general unitary U1, and
then set ρ˙ = 0 to find the stationary states. The system
of 16 equations obtained from this procedure admits a
single solution, namely the anti-symmetric Bell state |4〉.
Therefore, opposed to the uncontrolled case where this
state has to be produced beforehand and is then unaf-
fected by the dynamics, now a pure maximally entangled
state is dynamically generated for all initial conditions
and parameters (excluding the trivial cases of absence of
feedback or driving). We illustrate this in Fig. 2c for the
particular choice U1 = exp[−iλ˜σx], with σx = σ1 + σ†1.
But it is only when spontaneous emission is taken into
account that the advantage of jump-based local feedback
turns to be really remarkable. A comparison between
the time evolution of entanglement for an initial anti-
symmetric Bell state in the controlled and non-controlled
cases in the presence of atomic decay, and U1 as defined
above, is shown in Fig. 3. Spontaneous emission takes the
system away from the anti-symmetric subspace and the
dynamics without feedback is not able to restore the Bell
state |4〉 (cases C1 and C2 for γ/Γ = 0.001 and 0.01, re-
spectively). Instead, decay terms increase the symmetric
component as they move the system to its ground state
while the other terms will tend to drive it to the steady
state of Eq. (2). Conversely, in the presence of feed-
back, the system evolves under two competing dynam-
ics: while the feedback pushes the state |gg〉 to |4〉, spon-
taneous decay forces the system the other way around.
The final steady state entanglement is, therefore, set by
the balance between those two opposing tendencies, de-
creasing exponentially with the ratio γ/Γ. Remarkably,
the proposed control also works when different decoher-
ence sources are considered: in case C3 of Fig. 3, be-
sides spontaneous emission, extra local dephasing terms
γdephD[σ†i σi] were added and a high value of steady state
entanglement is still obtained for γdeph = γ = 0.01 Γ.
Consequently, as soon as the ratio between decoherence
and collective decay rates remain small, the final entan-
gled state will be very close to the anti-symetric Bell
state as shown by the control curves in Fig. 3. For spon-
taneous emission rates (C1 and C2) consistent with re-
cent experimental parameters [27], concurrence remains
above c ≈ 0.95. Note that this performance is only pos-
sible with the combination of a local control and jump-
based feedback. If the same control was used under a
homodyne-based feedback, the maximum attainable en-
tanglement would be c ≈ 0.72 (γ = 0) and c ≈ 0.60
(γ = 0.01 Γ), for Ω/Γ ≈ 0.18 and λ˜ ≈ ±− 0.12 [28].
The behaviour as a function of λ˜ and Ω for this choice
of feedback Hamiltonian remains basically unchanged
(Fig. 2d), as compared with Fig. 2c, with only the val-
FIG. 3: Time evolution of concurrence for Ω = 3Γ and initial
state |4〉 in the presence of spontaneous emission effects for
the cases where γ = 0.001 Γ (C1) and γ = 0.01 Γ (C2). Re-
markably, the local σx feedback control with λ˜ = pi/2 is able
to stabilise the state with large amount of entanglement even
when an extra dephasing is added (γdeph = γ = 0.01 Γ in C3).
ues of stationary entanglement slightly reduced. This is
again remarkable, as errors or fluctuations in the feed-
back and driving strengths would not affect significantly
the final entanglement. In the absence of decay, the
steady state was independent of the form of U1, provided
it was not the identity, which corresponds to the absence
of feedback. However, the rate at which feedback induced
that steady state was affected by the choice of control. As
the high entanglement in the presence of decay is due to
a competition between the decay and the feedback rate,
it is not surprising that different choices of U1 lead to dif-
ferent steady state values. Fortunately, these variations
are very small, particularly for perturbations around our
choice of σx. Thus our scheme will be robust against
imperfections in the feedback Hamiltonian.
Up to now, our analysis has neglected effects of inef-
ficiencies in the detection process, which may be impor-
tant, as feedback relies on the manipulation of the system
based on information gained by the measurement. In the
jump feedback case, the extension of Eq. (5) to allow
for a inefficient detection can be done by identifying two
distinct situations when a jump occurs: in the first the
detector clicks and the feedback transformation Ufb is ap-
plied, in the second the detector fails to click and there
is no control action. The corresponding equation reads
ρ˙ = − i
~
Ω [(J+ + J−), ρ]+ΓηD[UfbJ−]ρ+Γ (1− η)D[J−]ρ.
(6)
When the detector efficiency η is zero, no information
is extracted from the measurement and the equation re-
duces to Eq. (2) where no feedback is applied. Evidently,
in the limit of perfect detection Eq. (5) is regained, and,
for a local control, and without spontaneous decay, a
maximally entangled steady state is reached. In the in-
termediate case where 0 < η < 1, one would expect that
imperfect knowledge gain should lead to a worse control.
However, the anti-symmetric Bell state is a steady state
of both Eqs. (2) and (5), and one can show, proceeding
4FIG. 4: Effect of different detection efficiencies on entangle-
ment evolution for a σx control with Ω = 0.4Γ, λ˜ = pi/2,
and both atoms initially in the ground state. Without decay
the system always reaches the anti-symmetric Bell state but
at times depending on the efficiency, while with spontaneous
emission there is a small decrease in the final entanglement.
exactly as in the unit-efficiency case, that this also holds
true for Eq. (6) for any η > 0. The effect is illustrated in
Fig. 4 where the time evolution of concurrence is shown
for a fixed driving frequency Ω = 0.4Γ, and for the σx
feedback Hamiltonian with λ˜ = pi/2. Without atomic
decay, a non-unit detection efficiency (η = 0.5) simply
delays the time at which stationarity is achieved as com-
pared to the η = 1 case. In the presence of atomic decay
there will be also a decrease in the asymptotic entan-
glement as η decreases. This should be also expected as
less efficient detection will represent an effectively weaker
control and therefore a change in the balance between de-
cay and feedback dynamics. However, in the limit con-
sidered here (Γ/γ ≫ 1) this decrease is small (see Fig. 4).
In conclusion, we have proposed a quantum jump
based feedback scheme to prepare and stabilise highly
entangled states in the presence of spontaneous emission
and decoherence. By monitoring the environment and
feeding back with a suitable interaction, in our case a
local one, we were able to modify the master equation in
such a way that its steady state coincides with the target
state. The strategy works when this engineered dynamics
possesses a single stationary state and is much stronger
than the undesired decay effects [29]. The scheme per-
forms well in the presence of detection inefficiencies and
is also robust against imperfections in the preparation of
the feedback Hamiltonian.
Evidently, many different aspects of the problem re-
main open. A comparison between feedback schemes us-
ing different monitoring methods and controls is under
investigation and will be presented elsewhere [28]. Also
relevant, from the point of view of scalability require-
ments in quantum information, would be the extension
to higher number of atoms. Would this strategy also be
efficient for a larger number of them? Even in the case
of two atoms the possibilities are vast and the question
whether the present results can be further improved by
designing better feedback schemes is open.
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